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It is widely spread in the literature that non-Markovianity (NM) may be regarded as a resource
in quantum mechanics. However, it is still unclear how and when this alleged resource may be
exploited. Here, we study the relationship between NM and quantum optimal control under the
objective of generating entanglement within M non-interacting subsystems, each one coupled to the
same non-Markovian environment. Thus, we design a variety of entangling protocols that are only
achievable due to the existence of the environment. We show that NM plays a crucial role in all the
entangling protocols considered, revealing that the degree of NM completely determines the success
of the entangling operation performed by the control. This is a demonstration of the virtues of NM
and the way that it can be exploited in a general entangling setup.
Introduction. The functioning of current society is
based on the ability to communicate and process informa-
tion. During the last two decades, it became clear that
these two tasks are entering a new revolutionary era in
which quantum mechanics plays a major role. One of the
main challenges in this context [1–3] is the problem of
controlling accurately such quantum systems. There, the
study of open quantum systems is of paramount impor-
tance since any information processing device is inevitably
subject to noise from the environment. Therefore, it is
crucial to complete the control task in the fastest possible
way in order to avoid the effects of the environment that
can destroy the coherence properties of the system [4, 5].
However, in certain regimes known as non-Markovian,
the effects of the environment may not necessarily be
harmful for control, since there are memory effects that
allow the flow of information from the environment back to
the system, producing a momentary increase of quantum
coherence. For that reason, in the last years there has
been considerable interest in exploiting the phenomenon of
non-Markovianity (NM) as a resource for control [6–8] and
it has been argued that it can even produce an increase in
the quantum speed of evolution [9–11]. Though, besides
investigations on particular systems [12–20], there have
been no quantitative studies about controllability in non-
Markovian evolutions, and currently there is very limited
knowledge about which features of NM can be exploited
for control as well as the connection between both [21, 22].
Several essential questions still remain unanswered. For
instance, assuming the premise that NM can be considered
as a resource in open quantum systems, one may be
tempted to think that there should be some causal relation
between the non-Markovian features of the dynamics and
the controllability of the system. Furthermore, is there
a control task that cannot be achieved in a Markovian
regime but is attainable in a non-Markovian regime?
In this Letter we study the interplay between NM and
quantum optimal control in the context of generating
entanglement. We are interested in the case of an open
quantum system composed byM smaller subsystems that
do not interact with each other but are coupled to the
same non-Markovian environment. More precisely, we
consider the model of a spin star configuration [23–26],
where M non-interacting central spins are surrounded
by the same set of environmental spins. The setup was
designed so that the only way of generating entanglement
within the open system is due to the existence of an envi-
ronment. Under this framework, we optimize a variety of
entangling protocols for these non-interacting subsystems
by just controlling and accessing one of them. In all the
cases covered, either we perform the optimization over
the space of states, i.e. starting from a separable initial
multipartite state and driving the open system to a target
entangled state, or either we perform the optimization
over the space of gates, i.e. optimizing a field for the
generation of a target entangling gate, we show that NM
plays a major and essential role in the controllability of
the system. In fact, we show a quantitative and direct
relationship between the original degree of NM and the
fidelities attained, revealing its virtues and providing a
general entangling setup in which NM can be exploited.
Physical model A qualitative scheme for the entangling
protocols considered is presented in Fig. 1. We stress
the fact that this general physical scheme is of significant
interest since it allows to study how the information
from the protocol travels throughout the system within a
Markovian or non-Markovian environment.
As can be seen from Fig. 1, in order to generate a
certain entangled state between, for example, two non-
interacting subsystems, we need to give information to
subsystem 2 (assuming just subsystem 1 is coupled to the
control field) about the target state. This information is
then communicated by the control field to subsystem 1
and from there to the environment, which only in the case
of a non-Markovian regime should manage to get that
information to subsystem 2. Consequently, it seems that
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2Figure 1. Schematic representation of the entangling setup
considered under non-Markovian dynamics. The existence
of a backflow of information from the environment to the
system makes possible the entanglement between the subsys-
tems by only controlling one of them. On the other hand,
under a Markovian regime where information flows in one
direction from the system to the environment it will not be
possible to generate any arbitrary entangling transformation
with accuracy.
the only way of generating controlled entanglement in this
framework is due to the virtues of NM and the existence
of a flow of information that goes from the environment
back to the system.
Having this qualitative argument in mind, we consider
as a specific model the so-called spin star configuration.
In this model we have M central spin- 12 particles that are
surrounded by a set of N −M likewise particles [23–26].
From now on, we will refer to the surrounding spins as
the environmental spins and to the central spins as the
open system. We assume that the central spins do not
interact with each other, that they are subjected to a
constant magnetic field in the zˆ direction, and that they
additionally interact with the environmental spins via an
isotropic Heisenberg interaction. We stress the fact that
just one of the central spins can be accessed and controlled
via a time-dependent control field in the yˆ direction. The
dynamics of this model is then described by the following
Hamiltonian
H = H0 +HC(t)
=
M−1∑
l=0
ω0
2
σ(l)z +
M−1∑
l=0
N−1∑
k=M
(
Ak~σ
(l).~σ(k)
)
+ λ(t)σ(0)y ,
(1)
where H0 plays the role of the free Hamiltonian and
HC(t) is the control Hamiltonian (note that we set ~ = 1
from now on). As can be seen, the central spins have an
energy splitting ω0 and are coupled to the k-th environ-
mental spin via the coupling constant Ak. The operators
~σ(l) and ~σ(k) are the Pauli operators of the l-th central
spin and the k-th environmental spin, respectively, and
the quantity λ(t) is the control field with which we will
drive our open system to the desired target. Works that
have sought to control a similar system can be found in
Refs. [27, 28], but none has directly related NM, entangle-
ment and optimal control as we propose here. Imposing
equal system-environment couplings (Ak = A for each
k), considering one central spin (M=1), and neglecting
the control Hamiltonian HC(t), one can derive the exact
reduced dynamics for the spin star, as has been previ-
ously shown in Refs. [23–26]. A significant fact is that
the interaction between a central spin and a bath of envi-
ronmental spins leads to an intrinsically non-Markovian
behavior. However, in order to describe the full reduced
dynamics of the controlled system, one would have to
derive a non-Markovian master equation that depends
explicitly on the unknown field λ(t) and the exact solu-
tion to this remains an open and a challenging problem in
the context of controlling general open quantum systems
[29–31]. For the purposes of this Letter, we will restrict
ourselves to the case of an environment formed by a few
spins and where we have complete knowledge over the
total dynamics of the system. In this sense, even though
we are just interested in the open dynamics of the central
spins, our framework will be the Schrödinger equation and
after solving the whole unitary optimized evolution we
will have to trace over the environmental spins to obtain
the sought reduced dynamics. In this context we will
address the interplay between quantum optimal control
and the NM of the system dynamics.
Entangling protocols due to non-Markovian dynamics.
As we are interested in driving the M central spins of the
open system from an initial separable state to a target
entangled state, we need to resort to numerical state
optimization where we optimize over an initial random
field in order to maximize the state fidelity defined as
Fstate = | 〈ψtarg|ψ(T )〉 |2 [32]. The driving time T has
been divided into 200 equidistant time intervals, enough
to ensure a proper resolution of the dynamics. But to
proceed we still need to define how we will quantify the
non-Markovian features of the dynamics.
During the last decade there have been several pro-
posals to describe and quantify non-Markovian effects in
open quantum systems [33–36]. One of the most popular
approaches was given by Breuer, Laine and Piilo (BLP)
[37–39], who based their measure in the revivals of distin-
guishability between quantum states during the dynamics.
For this approach is necessary to define a measure of dis-
tance and distinguishability between two states. The so-
called trace distance is defined as D(ρ1, ρ2) =
1
2
||ρ1−ρ2||,
where ||A|| = tr(
√
A†A). Thus, the BLP criterion states
that a quantum map is non-Markovian if there exists at
least a pair of initial states ρ1(0) and ρ2(0) such that
σ(ρ1(0), ρ2(0), t) =
d
dt
D(ρ1(t), ρ2(t)) > 0, for some inter-
val of time. The physical meaning of the above is that the
states ρ1(t) and ρ2(t) are becoming momentarily more
distinguishable and this is equivalent to say that informa-
3tion has flowed from the environment back to the system.
Instead, in Markovian dynamics information is contin-
uously lost to the environment and the map ultimately
bears no memory of the initial state of the system. In
this way, by quantifying the total amount of information
backflow during the evolution, the BLP criterion can also
be extended to define a measure of the degree of NM in a
quantum process via
N = max
{ρ1(0),ρ2(0)}
∫ T
0,σ>0
σ (ρ1(0), ρ2(0), t
′) dt′, (2)
where T stands for the final evolution time of the process
under consideration. We stress the fact that the NM
in this Letter is quantified for a restricted time interval,
due to considering a finite evolution time for the control
protocol, which may be varied. As the initial states for
Eq. (2) we take the separable states
|ψ1,2(0)〉S⊗E =
M⊗
l=1
1√
2
(|0〉 ± |1〉)Sl
N−M⊗
n=1
|1〉En , (3)
where Sl stands for the state of the l-th central spin and
En for the n-th environmental spin, respectively. The
initial states of the open system have been chosen as to
be orthogonal. The procedure consists on solving the
Schrödinger equation for both states of Eq. (3) and after
having the whole evolution then trace over the spins of
the environment in order to obtain the reduced open
dynamics of the central spins. With this recipe we are
able to measure the distinguishability of the initial states
along the whole evolution and in consequence witnessing
the NM of the free process.
Let us start considering a configuration in which we
have three spins acting as the open system (M = 3) with
two extra spins acting as the environment (N −M = 2),
where we intend to drive the three central spins from the
separable state in Eq. (3) to an entangled GHZ state. In
Fig. 2 we show the final fidelities achieved for this entan-
gling protocol as well as the original degree of NM, both
as a function of coupling and the duration of the process.
Therefore, following one of the motor questions of this
Letter, we can see that the region where the free system
was originally more non-Markovian coincides with the
region where the system proved to be more controllable,
at least for our specific task of generating entanglement.
We remark that this result was obtained for all other
optimization in which we pursue the generation of en-
tanglement between the central spins, either driving the
open system to an entangled target state of the form of
a Bell (M=2) or W state (M=3), or even running the
optimization for implementing a target entangling gate
with M=2 or M=3 (not shown). Nevertheless, this is
merely a correlation between the control fidelities and the
original amount of NM, both as a function of coupling
and time.
Figure 2. Driving to a GHZ state (M=3). (a) Fidelity achieved
in the space of parameters given by the coupling A and the
driving time T (~ = 1 and in units of ω0). (b) NM of the free
evolution.
So another straightforward thing one could do is to fix
coupling strength and driving time, and analyze whether
there also exists a correlation between both quantities as a
function of the number of environmental spins. However,
in this case one could argue that increasing the size of the
environment at a fixed coupling is somehow like strength-
ening the interaction and so equivalent to increasing the
coupling. For that reason, a possibility is to work with a
fixed unscaled coupling A but also with a scaled coupling
parameter of the form A′ = A/
√
N −M in order to fix
the strength of the interaction [24]. To obtain a complete
assessment of how all the variables in the model impact
the interplay between fidelity and NM, we study several
configurations considering arbitrarily different couplings
and number of environmental spins. Such analysis is pre-
sented in Fig. 3, where we merely focus on the fidelities
attained as a function of the amount of NM of the free
process. We study two different configurations, one with
two central spins (M=2) where the goal is to drive the
open system from a separable initial state to an entangled
Bell state, and another with three central spins (M=3)
where the target is an entangled GHZ state. Note that
in both situations we consider several different dynamics,
either varying the number of environmental spins with
4different but fixed couplings or either varying the coupling
with a fixed N.
Figure 3. (a) M=2: driving to a Bell state. (b) M=3: driving
to a GHZ state. In both panels we plot the fidelity (with
control) as a function of the original NM, merging seven dif-
ferent protocols which have arbitrarily different couplings and
number of environmental spins. While the blue dashed curve
corresponds to a dynamics in which N is fixed but the coupling
varies (0 ≤ A ≤ 0.2), in the six other cases coupling is fixed
but N varies (M ≤ N ≤ 8). In all protocols, evolution time is
fixed in T=10. The inset of the upper panel shows the fidelity
(without control) as a function of time between the same initial
state of the open system (M=2) evolved with two different
dynamics with the same original degree of non-Markovianity
(NM=0.43). There we consider N=8 and A = 0.2/
√
6 (i.e. the
last red cross from panel (a)) while on the other hand we take
N=5 and A=0.1466.
Remarkably, we can see from both panels in Fig. 3 that
whatever is the system dynamics we consider, that is to
say, whatever the coupling and the number of environmen-
tal spins, in each configuration the same original amount
of NM leads to the same entangling fidelities. Therefore,
more than correlations, what we are showing is that the
entangling fidelity is a direct function of NM, revealing
a causal relationship between the controllability of the
system and the NM of the dynamics. This is somewhat
surprising since one might well say that the reason why
with two different couplings and number of environmental
spins we have the same amount of NM is because the
interaction between the open system and the environment
is also the same. But in the inset of the upper panel in
Fig. 3 we have clearly shown that this is not the case.
There we plot the fidelity (without control) as a function
of time between the same initial state of the open system
evolved by two different dynamics (N = 8, A = 0.2/
√
6
and N = 5, A = 0.1466), both with same original amount
of NM, resulting that the free evolution of the open sys-
tem is quite different in the two cases, despite rendering
similar fidelities in the controlled case. In this way, we are
demonstrating in a practical situation that there exists a
causal and strong relation between the original amount
of NM and the fidelities attained, independently of the
parameters of the problem. Consequently, as can be de-
duced from Fig. 3, when the system dynamics originally
had some little amount of NM, this little amount leads
to a significant increment of the fidelity. In the same way,
as NM continues to increase fidelity does too, although
with a lower slope than it did initially. This behaviour
seems reasonable since, as already mentioned, the central
spins do not interact with each other and we can only
control and access one of them. For this reason, is not
only necessary to have an environment in order to fulfill
these variety of entangling protocols but is also a neces-
sary condition the existence of a flow of information from
the environment back to the system, as can be qualita-
tively seen from the scheme in Fig. 1 and quantitatively
supported by all our calculations.
Concluding remarks. In this Letter we have aimed to
deepen our understanding of the interplay between NM
and quantum optimal control in the context of generat-
ing entanglement. For this purpose, we have considered
a general physical scheme of an open quantum system
composed by M non-interacting subsystems, each one
coupled to the same non-Markovian environment. In this
framework, we have presented not only a qualitative inter-
pretation about the physical mechanism underlying the
generation of controlled entanglement, but also quantita-
tive evidence revealing a causal relationship between the
entangling fidelities and the original degree of NM of the
system dynamics. In this sense, this Letter consists in a
practical demonstration of the virtues of NM, providing
a general physical setup in which it can be exploited.
With the results in our backs, we sincerely hope this
work will serve as a springboard towards a greater de-
gree of understanding between NM, entanglement and
quantum optimal control.
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